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Abstract. We study the relationship between the arithmetic and 
the spectrum of the Laplacian for manifolds arising from congru- 
ent arithmetic subgroups of SL(1,D), where D is an indefinite 
quaternion division algebra defined over a number field F. 

We give new examples of isospectral but non-isometric com- 
pact, arithmetically defined varieties, generalizing the class of ex- 
amples constructed by Vigneras. These examples are based on 
an interplay between the simply connected and adjoint group and 
depend explicitly on the failure of strong approximation for the 
adjoint group. The examples can be considered as a geometric 
analogue and also as an application of the concept and results on 
L-indistinguishability for SL(1,D) due to Labesse and Langlands. 

We verify that the Hasse-Weil zeta functions are equal for the ex- 
amples of isospectral pair of Shimura varieties we construct giving 
further evidence for an archimedean analogue of Tate's conjecture, 
which expects that the spectrum of the Laplacian determines the 
arithmetic of such spaces. 



1. Introduction 

Let M be a compact, connected Riemannian manifold. The spec- 
trum of M consists of the collection of non-zero eigenvalues counted 
with multiplicity of the Laplace-Beltrami operator acting on the space 
of smooth functions on M. The inverse spectral problem is the inves- 
tigation of the properties of the manifold that can be recovered from 
a knowledge of the spectrum. Two compact connected Riemannian 
manifolds M\ and Mi are said to be isospectral if the spectrums of M\ 
and M2 coincide. The first question that arises in inverse spectral the- 
ory is whether the spectrum determines a Riemannian manifold upto 
isometry. This is known to be false and the first counter-examples 
were constructed by Milnor in the case of flat tori. When the spaces 
are compact hyperbolic surfaces, counterexamples were constructed by 
by Vigneras [Vj and later by Sunada [Sj- In this paper, our aim is to 
investigate the inverse spectrum problem in the arithmetical context of 
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compact, locally symmetric manifolds, especially those arising from co- 
compact congruence lattices in G = SL(1, D), where D is an indefinite 
quaternion division algebra over a number field. 

The main observation is that of introducing the conjugation of a com- 
pact open subgroup K of G(Af) by an element of the adelic points of 
the adjoint group, and to observe that this process yields spectrally in- 
distinguishable manifolds. We establish this observation (see Thereom 
I2J) under some hypothesis on the nature of D and the compact open 
subgroup K. This result can be considered as a geometric analogue of 
the study initiated by Langlands together with Labesse and Shelstad 
on the problems arising out of the difference between stable conjugacy 
and conjugacy: in |LL| . the multiplicity of the representations n 9 in the 
space of cusp forms on SL(2, Ap) as a function of g is studied, where 
7r is a representation of SL(2, Ap) and g G GL(2, Ap). 

As a corollary to the above observation, we give examples of isospec- 
tral but non-isometric compact, locally symmetric manifolds as above, 
generalizing the class of isospectral but non-isometric hyperbolic sur- 
faces and three dimensional manifolds constructed by Vigneras JV] . For 
K as above, the condition for the existence of non-isometric spaces is 
that the finite adelic points of the adjoint group is not exhausted by 
the union of translates of the normalizer of the image of K by rational 
elements. This always happens if the normalizer of K is sufficiently 
small by the failure of strong approximation in the adjoint group. In 
contrast to the method of this paper, Vigneras' method is a combi- 
nation of geometry and arithmetic. It depends on the relationship of 
the spectrum of the Laplacian with the length spectrum for compact 
hyperbolic surfaces. They work when the lattices are associated to 
maximal orders, and is difficult to generalize to more general groups or 
to more general lattices. 

One of the motivating questions for us has been the heuristic that 
the spectrum of invariant operators should determine the arithmetic 
of compact locally symmetric manifolds arising from arithmetic lat- 
tices. For the family of arithmetic curves associated to congruent lat- 
tices coming from quaternion division algebras over totally real fields, 
Shimura constructed a theory of canonical models |Shj . In particular, 
these spaces can be defined over number fields. The question was raised 
in |PRj that if two arithmetically defined curves are isospectral, then 
are the Hasse-Weil zeta functions of suitably defined canonical mod- 
els equal? The conjecture is based on the analogy that the Laplacian 
can be considered as the Frobenius at infinity. Further, the theorem 
of Faltings proving Tate's conjecture asserts that if the eigenvalues of 
the Frobenius elements acting on the /-adic cohomology groups of two 
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smooth, projective curves defined over a number field coincide, then 
the Jacobians of the curves are isogenous. Thus the conjecture can be 
considered as an archimedean analogue of Tate's conjecture. In [PRJ, 
this conjecture was verified in the examples constructed by Sunada 
and Vigneras. Using the basic fact in the theory of canonical models 
that adelic conjugation corresponds to Galois conjugation of the canon- 
ical model, we verify the conjecture that the spectrum determines the 
Hasse-Weil zeta function for the examples constructed in this paper. 
On the other hand, the results of this paper can be used to reformulate 
the conjecture for the non-connected Shimura varieties rather than the 
connected ones. 

To prove Theorem |2l by the generalized Sunada criterion for isospec- 
trality due to DeTurck and Gordon, it is sufficient to show that the lat- 
tices corresponding to K and it's conjugate are representation equiva- 
lent. Using strong approximation for SL(1, D), the proof of the repre- 
sentation equivalence of the two lattices is an application of the formula 
for the multiplicity of a representation of G(A) in the space of cusp 
forms on G(A) due to Labesee and Langlands. 

Acknowledgement. I sincerely thank Cefipra for supporting my travel 
and stay at Universite de Paris VII (Jussieu) during May of 2002, 
during which period part of this work was carried out. I thank Bruno 
Kahn and Paul Gerardin for their hospitality and a comfortable stay at 
Paris, especially to P. Gerardin for graciously providing me with office 
space during my stay in Paris. 

My sincere thanks to J. P. Labesse and A. Raghuram for useful 
discussions on L-indistinguishability for SL(2), and to D. Prasad for 
many useful discussions. 

2. Sunada's criterion and representation equivalence 

Let G be a Lie group, and let T be a cocompact lattice in G. The 
existence of a cocompact lattice implies that G is unimodular. Let Rr 
denote the right regular representation of G on the space L 2 (r\G) of 
square integrable functions with respect to the projection of the Haar 
measure on the space r\G: 

(Rr(g)f)(x) = f(xg) f G L 2 (r\C7), g,x 6 G. 

Definition 2.1. Let G be a Lie group and Ti and T2 be two co-compact 
lattices in G. The lattices Ti and T2 are said to be representation 
equivalent in G if the regular representations Rr 1 and Rr 2 of G are 
isomorphic. 
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We have the following generalization of Sunada's criterion for isospec- 
trality proved by DeTurck and Gordon in DGJ: 

Proposition 1. Let G be a Lie group acting on the left as isometries 
of a Riemannian manifold M. Suppose F\ and T 2 are discrete, co- 
compact subgroups of G acting freely and properly dis continuously on 
M , such that the quotients T\\M and T 2 \M are compact Riemannian 
manifolds. If the lattices T\ and T 2 are representation equivalent in G, 
then Ti\M and T 2 \M are isospectral for the Laplacian acting on the 
space of smooth functions. 

Remark. When G is a finite group, this result is due to Sunada jSj- 
Sunada's construction is based on an analogous construction in alge- 
braic number theory: let G be the Galois group of a finite Galois 
extension L over the rationals. Suppose there exists two subgroups Ti 
and T 2 of G such that the representations i?n and Rr 2 are isomorphic. 
Then the invariant fields L Fl and LF 2 have the same Dedekind zeta 
function. 

The conclusion in Proposition^can be strengthened to imply 'strong 
isospectrality', i.e., the spectrums coincide for natural self-adjoint dif- 
ferential operators besides the Laplacian acting on functions. In partic- 
ular, this implies the isospectrality of the Laplacian acting on p-forms. 

A naive expectation is that suitable strong isospectrality assumptions 
on a pair of compact locally symmetric spaces should determine the 
'arithmetic' associated to these spaces (although it does not determine 
the geometry of such spaces). 

3. Adelic conjugation of lattices 

Let F be a number field and let D be a quaternion algebra over F. 

Let G = SL l (D) 1 G = GL l (D), G = PGL X {D). 

Let Koo be a maximal compact subgroup of G^ and let M = Goo/^oo 
be the non-compact symmetric space corresponding to G. Let K be 
a compact open subgroup of G(Af). Denote by Yk = GoqK n G(F) 
the co-compact lattice in G^ = G(F £g> R) corresponding to K. If K 
is sufficiently small, then will be a torsion-free lattice acting freely 
and properly discontinuously on M. The quotient space M K = T K \M 
will then be a compact, locally symmetric space. 

In this section, we assume that D and K satisfy the following hy- 
pothesis: 

HI: D is a division algebra, and there is at least one finite place 
vq of F at which D is ramified, i.e., D ® F Vo remains a division 
algebra. 
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H2: D is indefinite: there is at least one archimedean place v of 
F, at which D ®p F v ~ M 2 (M), where for a place v of F, F v 
denotes the completion of F at v . 

H3: There is a factorisation of the form, 

K = K V0 K V \ 

where K VQ is a compact, open subgroup of G(F V0 ), and is a 
normal subgroup of -D* Q . The group K v ° has no vq component, 
i.e., for any element x G K v °, the vq component x Vo = 1. 

The heart of this paper is the following theorem, whose proof is given 
in Section EJ 

Theorem 2. Let D be a quaternion division algebra over a number 
field F and let K be a compact open subgroup of G(Af) satisfying 
the properties HI, H2, H3 given above. Then for any element x G 
GLi(D)(Af) , the lattices Yk andY^ are representation equivalent in 

Goo- 

Remark. The construction can be considered as a geometric analogue of 
concept of L-indistinguishability arising out of the difference between 
stable conjugacy and conjugacy due to Labesse, Langlands and Shel- 
stad \LL[ IShlj . Let n be a representation of G(A) and g G G(A). The 
representations n and n 9 are said to be L-indistinguishable (see |LLj 
and Section 5). In |LL| . Labesse and Langlands consider the multiplic- 
ity with which the conjugate representations tt 9 occur in the space of 
automorphic representation of G(A) as a function of g. We can call the 
lattices T K and T K x as 'stably conjugate' lattices, and the theorem says 
that stably conjugate lattices gives raise to spectrally indistinguishable 
manifolds. But the terminology can be misleading, as it is not clear 
that any element of Tk is stably conjugate to an element of Yk* upto 
an element of the center of G. This fact is true for cases of surfaces and 
three dimensional manifolds after Theorem |21 by comparing the spec- 
trum with the length spectrum which is given by the absolute value of 
the trace (see jVj). 

More generally, let r 1; T 2 be two lattices in H(M), where H is a 
reductive algebraic group over R. Call Ti and T 2 to be weakly stably 
conjugate if every element 71 G Ti is stably conjugate (i.e., conjugate 
inside the group H(<C)) to an element of T 2 upto a central element of 
H(M). The following question can be raised: if Ti and T 2 are weakly 
stably conjugate cocompact lattices in G(IR), are they representation 
equivalent? It is possible that the question may have an affirmative 
answer with either a weaker conclusion: given an irreducible, unitary 



6 



C. S. RAJ AN 



representation tt of G(M), the sum of the multiplicities of the repre- 
sentations in the (Arthur) L-packet of 7r occuring in R-p 1 and i?r 2 are 
equal; or with a stronger hypothesis: the stable conjugacy classes are 
counted with an appropriate notion of multiplicity. 

But as far as producing examples of isospectral spaces are concerned, 
the problem remains of producing examples of pairs of non-conjugate 
but weakly stably conjugate lattices. 

Remark. The proof of the theorem given here uses adelic methods and 
depends quite crucially on hypothesis H3 that K is required to sat- 
isfy. For example, an analogous question can be raised for the cuspidal 
spectrum of SL(2) for which we do not know an answer: let K be a 
compact open subgroup of SL 2 (Af). For any x G GL 2 (Af) are the 
cuspidal spectrums of L 2 {T K \SL 2 {F ® R)) and L 2 (T K ,\SL 2 (F ® R)) 
equal? In this situation, hypothesis H3 cannot be assumed as the 
groups SL 2 (k) are simple modulo center for any infinite field k. 

3.1. Isospectral spaces. The following corollary gives examples of 
isospectral but non-isometric compact Riemannian manifold: 

Corollary 1. With the notation as in Theorem^ assume further that 
K is small enough so that Tk and Tk* are torsion-free. Let N(K) 
denote the normalizer of K in G(Af). Suppose x is an element in 
G(Af) such that x does not belong to the set N(K)G(F) . Then Xk 
and Xk* are (strongly) isospectral, but are not isometric. 

Proof. Suppose on the contrary, that Xk and Xk* are isometric. Then 
there exists g G G(R) such that 

g~ l T K *g = T K , 

where T K , T K x is the projection of Tk, to G^. Since the lattices 
and Tk* are arithmetic and commensurable, it follows by a theorem 
of Margulis that g G G(F). Since the kernel of the projection map 
G — » G is a split torus, by Hilbert Theorem 90, there is an element 
g G G(F) satisfying, 

Since D is indefinite, the lattice Tk sitting diagonally inside G(Af) is 
dense in K, by the strong approximation theorem for SL(1, D). Hence 

~g- X K x ~g = K. 

Projecting to G, we obtain 

g~ l x~ l Kxg = K, 

where K denotes the image of K in G(Af). This implies that x G 
N(K)G(F), contradicting our choice of x. □ 
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Remark. The normalizer N(K) is a compact open subgroup of G(Af). 
By the failure of strong approximation for the adjoint group PGLi(D), 
the hypothesis that x does not belong to the double coset N(K)G(F) is 
satisfied provided N(K) is small enough. For example K can be taken 
to be sufficiently deep Hecke congruence subgroups corresponding to a 
finite collection of split primes for D. 

Remark. These examples generalize the class of examples constructed 
by Vigneras of isospectral but non-isometric compact Riemann sur- 
faces. Vigneras' method is to relate the spectrum to the length spec- 
trum which is well understood for compact hyperbolic surfaces and 
three folds. For the lattices arising from maximal orders in D, it is 
possible to obtain explicit formula for the multiplicities of lengths of 
periodic geodesies. Using these formulae, the above corollary follows in 
dimensions two and three and for lattices arising from maximal orders. 
The failure of strong approximation is reflected in the fact that the 
lattices correspond to non-conjugate maximal orders inside the quater- 
nion algebra. In particular, it is required that the underlying field has a 
non-trivial class number. These methods seem difficult to generalize to 
higher dimensions and to general lattices not necessarily arising from 
maximal orders. In contrast, the above corollary is applicable even for 
indefinite quaternion division algebras over rationals. 



4. Spectral and Arithmetical Equivalence 

In this section, we take F to be a totally real number field and D 
a quaternion division algebra over F. Let n, • •• , r r be the real em- 
beddings corresponding to archimedean places of F at which D splits, 
and let F' be the reflex field of (F, n, • • • , r r ). For any compact open 
subgroup K of G(Af), let F^ be the abelian extension of F' defined 
as in !Sb~J page 157]. Let K — K n G(Af). In [HE], Shimura defines a 
canonical model for the spaces Mk over the field F^. As a consequence 
of the main theorem of canonical models in [Sh, Theorem 2.5, page 159, 
Section 2.6] and Theorem |21 we obtain the following corollary provid- 
ing more evidence in support of the conjectures made in [PR1 that the 
spectral zeta function determines the arithmetical zeta function: 

Corollary 2. Let F be a totally real number field and K be a compact 
open subgroup of G(Af). Assume that K satisfies the hypothesis of 
Theorem^ and is such that the lattices Trx are torsion-free. Then the 
spaces Mk* for x G G(Af) are isospectral and have the same Hasse- 
Weil zeta function for the canonical model defined by Shimura. 
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If D is ramified at all real places except one, then the Jacobians of 
Mk and M^x are conjugate by an automorphism of Q. 

There are a couple of remarks to be made about the conjecture made 
in |PRj . If we fix our attention on K , there can be more than one choice 
of K with K = K H G(Af). Thus the choice of a canonical model on 
the space Mk is not uniquely determined by K, and we can expect the 
equality of the zeta functions only after a finite extension of the base 
field. 

A second observation is that the zeta function of Shimura varieties 
and it's relationship to that of L-functions of automorphic represen- 
tations are better behaved for the non-connected Shimura varieties 
associated to inner forms of GL(2), than for the connected Shimura 
varieties. Consider the space 

M K = G(F) + \M x G(Af)/K 

where G(F) + consists of those elements with totally positive determi- 
nant. The non-connected space M k has a canonical model in the sense 
of Shimura and Deligne jDj over the reflex field F', The connected com- 
ponents of M K are of the form Mk* as x ranges over G(Af). We make 
the following conjecture: 

Conjecture 1. Let K\, K 2 be compact open subgroups of G(F), such 
that the lattices Tk 1 and Tk 2 are torsion-free modulo their centers. 
If the spaces M Kl and M K2 are isospectral, then the Hasse-Weil zeta 
functions of the canonical models of M K and M K2 are equal. 

The conjecture is well posed thanks to Theorem |21 This clarifies and 
makes precise the arithmetical conjecture made in [PRJ. 

Remark. The initial hope behind the conjectures made in |PRj . was 
that isospectral compact Riemann surfaces (with respect to the hyper- 
bolic metric) have isogenous Jacobians. This naive conjecture proves 
to be false for the example of Shimura curves constructed above, as the 
respective Jacobians become isogenous after twisting by an automor- 
phism of Q. 

It is tempting to conjecture that this will be the exception: if two 
compact Riemann surfaces are isospectral, then the Jacobian of one is 
isogenous to a conjugate of the Jacobian of the other by an automor- 
phism a G Aut(C/Q), where a preserves the spectrum of the Riemann 
surface. If morever a is not identity or of order two, then the pair of 
Riemann surfaces arise from an arithmetical context, i.e., are Shimura 
curves as considered in this paper. 
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5. Multiplicity formula of Labesse and Langlands 

Our aim in this section is to recall the multiplicity formula of Labesse 
and Langlands [LLJ, giving the multiplicity m(7r) with which a rep- 
resentation 7r of SLx(D)(Af) occurs in the space of cusp forms on 
SLi(D)(Ap). This formula will be required for the proof of Theorem 
121 The references for the material contained in this section are |LLj 
and 



5.1. Langlands parameters. Let F be a global or a local field of 
characteristic zero, Wp be the Weil group of F. and let W' F be the 
Weil-Deligne group of F: 

TT w I Wf x SU(2) if F is non-archimedean 
W F — { 

I Wf if F is archimedean. 

By abelian reciprocity, we will identify Wp b with Cp, where 

F* if F is local 
Jp/F* if F is global, 



CV = 



where for a global field F, Jp is the idele group associated to F. 

For a connected reductive group H defined over F, let L H° be the 
connected reductive group over C whose root datum is the dual root 
datum of the root datum of H over F. Let L H denote the Langlands 
dual group defined over the complex numbers associated to H over F. 
The Langlands dual group L H is defined as a semidirect product, 

L H = L H° x W' F . 

Let <&{H) be the set of equivalence classes of admissible homomor- 
phisms of Wp into L H. 

In our case, where H is an inner form of SL2, the connected com- 
ponent L H° is isomorphic to PGL 2 (C). Further, the Langlands dual 
group for GL{2) defined over F is just the direct product GL(2,C) x 
Wp. Let p : L G — > L G denote the natural projection map. By a lemma 
of Langlands (or more generally by the results of jLabj . [Raj), any ad- 
missible homomorphism G $(G) admits a lifting : W' F — > L G, such 
that p o (p = (p. 

The particular class of parameters that are of interest to us are those 
for which <fi is an induced representation. Let E be a quadratic exten- 
sion of F, and 9 a character of Wp. Consider the induced representation 

I(9) = lndll(9):W F ^ L G, 

where we consider 9 as a character of Wp trivial on SU{2). 
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Denote by a the Galois conjugation on E over F, and by 9 a the 
character 9 a ( / y) = 9(a( / y)) for 7 e C E , where we consider # as a char- 
acter of Ce — W^. The representation 1(9) is irreducible precisely 
when 9 a ^9. If F is a local field and G is anisotropic over F, then the 
parameter 7(0) is admissible for G if and only if it is irreducible. 

When E/F is a quadratic extension of global fields, D a quaternion 
division algebra over F, and an idele class character of Je/E*, the 
notion of admissibility is defined as follows: 

Definition 5.1. An idele class character 9 of Je/E* is said to be 
admissible with respect to the quaternion algebra D, if 9 a 7^ 9 and the 
following is satisfied: let v be a place of F at which D does not split. 
Then the place v should either be inert or ramified in E. Let w be 
the unique place of E dividing v. We further require that the local 
component 9 W satisfies 9 a w ^ 9 W . 

Let be the centralizer in L G° of the image of 0, 5° be the con- 
nected component of the identity in S^, and let = S^/S® be the 
group of connected components of S^. The group is a finite abelian 
group and is isomorphic to either 1, Z/2Z or Z/2Z x Z/2Z. 

5.2. Local theory. We recall the local theory. Let F be a local field 
of characteristic zero and D be a quaternion algebra over F. Let ix be 
a representation of G(F). For g e G(F), let 7r 9 denote the conujgate 
representation defined by 7i 9 (h) = ^(ghg" 1 ) for h G G(F). 

Definition 5.2. Two irreducible, admissible representations 7Ti and 7T2 
of (j(.F) are said to be L -indistinguishable if 7r 2 — nf for some 5 e G(F). 
Equivalently if both 7Ti and 7r 2 occur in the restriction of an irreducible, 
admissible representation n of G(F) to G(F). 

Given an irreducible, admissible representation ir of G(F) (or 7f of 
G(F)), the L-packet L(tt) of it is defined to be the collection of all irre- 
ducible, admissible representation of G(F) which are L-indistinguishable 
from 71. 

Since the index of F*G(F) inside G(F) is finite, any irreducible, 
admissible representation n of G(F) decomposes as a finite direct sum 
of irreducible, admissible representations of G(F). Hence L-packets are 
of finite cardinality. It can be seen that the cardinality of an L-packet 
is either 1, 2 or 4. 

If is an admissible parameter for G, let 7r (0) be the irreducible, ad- 
missible representation of G(F) associated to by the local Langlands 
correspondence. Let L(0) be the L-packet given by the collection of 
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irreducible, admissible representations occurring in the decomposition 
of 7r(0) to G(F). This depends only on the parameter 0. 

Fix an additive character ip of F. Depending on the choice of ip, 
Labesse and Langlands define a pairing, 

(5.1) < , > : x ^ Z - 
We make a provisional definition: 

Definition 5.3. The pairing 15.11 is said to be non-degenerate if the 
pairing identifies L((p) (non-canonically) as the dual group of S^/S®, 
i.e., L((j)) and are of equal cardinality and the map sending an 
element 7r 6 L{<p) to the character s \— >< s, n >, s G is a bijection 
from L{<p) to the dual group of characters (% of 0$. 

We have, 

Proposition 3. Let F be a non-archimedean local field of characteristic 
zero. The pairina \5~l\ is non- degenerate, except when D is a quaternion 
division algebra over F, the parameter <fi is induced of the form 1(6), 
where 8 is a character of a quadratic extension E of F such that 9 a /9 
is a non-trivial quadratic character. 

In the exceptional case, the L-packet consists of one representation 
7r occurring with multiplicity two in the restriction of n(I(9)) to G(F), 
and 

~ Z/2Z x Z/2Z. 

The pairing is given by, 

(5.2) < 1, 7T >= 2, < S, TC >= 0, S ^ 1, S e Ctf,. 

For the proof of Theorem El the following case of the pairing 15.11 is 
crucial: let D be a quaternion division algebra over F, E a quadratic 
extension of F, and 9 a character of E* such that 9j9 u is non-trivial 
and not quadratic. Then the L-packet L((f>) = {7i(I(9)) + , ir(I(8))~} 
consists of two representations and ~ {l,e} is of cardinality two, 
such that the pairing is given by 

<l,7r(I(0))+>=l, <l,7r(I(0))->=l 
[b - 6) < e, tt(I(0))+ >= 1, < e, 7r(J(0))- >= -1. 

5.3. Global theory. Let F be a number field, and D be a quaternion 
division algebra over F. If II is any irreducible, admissible representa- 
tion of G(Ap), then II can be decomposed 

n = ' ®U Sf n WJ 

as a restricted tensor product of the local components II,, of II at the 
places v of F. The local component n„ is an irreducible, admissible 
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representation of G(F V ), such that at almost all finite places v of F, 
the representation U v is an unramified representation of G(F V ). 

Definition 5.4. Two irreducible, admissible representations Hi and 
II2 of G(Ap) are said to be L -indistinguishable if for all places v of 
F, the local components H 1)V and H 2>v are L-indistinguishable, and 
Hi jV ~ U 2v at almost all places of F. 

The L-packet L(H) of an irreducible, admissible representation II of 
G(Ap) is the collection of all irreducible, admissible representation of 
G(Ap) which are L-indistinguishable from II. Equivalently it is the 
orbit of IT under the action of G(Ap). 

5.3.1. Dihedral representations. Let E/F be a quadratic extension of 
F, and 9 a character of Ce satisfying 9 a ^ 9. Generalizing earlier 
construction of Hecke and Mass, Jacquet and Langlands associate a 
cuspidal automorphic representation 11(1(9)) of GL 2 (A) such that at 
any place v of F, the Langlands parameter of the local component 
11(1(0)) v is the local component I(9) v . By the Jacquet-Langlands cor- 
respondence |JLj . this can be lifted to an automorphic representation, 
denoted again by 11(1(9)) of GL\(D)(A) provided 9 is admissible with 
respect to D. 

Definition 5.5. An irreducible admissible representation II of G(A) is 
said to be dihedral, if there exists a quadratic extension E of F and an 
admissible idele class character 9 of E with respect to D such that the 
local component U v occurs in the restriction of the local component 
U(I(0)) v to G(F V ). Further, at almost all finite places v of F where D 
is unramified, the subgroup SL(2,Op v ) has a nonzero fixed vector in 
the space of ILj. We will say that II occurs in the restriction of 11(0) 
to G(A). 

Given a representation II of G(A), let m(IT) be the multiplicity of II 
occuring in the space of cusp forms on G(A). 

Theorem 4 (Labesse-Langlands). If II is a non-dihedral cuspidal au- 
tomorphic representation U of G(A), then for any g e G(A), the rep- 
resentations LT and IP occur with the same multiplicity in the space of 
cusp forms on G(A). 

5.3.2. Multiplicity formula. We first define an auxiliary integer that 
occurs in the multiplicity formula of Labesse and Langlands for the 
multiplicity m(U) of a representation of dihedral type in the space of 
cusp forms of (7(A). 

Given two parameters, 0, 0' : Wp — > GL 2 (C) call them to be weakly 
globally equivalent if for any place v of F, there exists a character Xv 
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of F v * such that <p v = Xv(p' v ] and globally equivalent if there exists 
an idele class character x of Cp such that <fi = x<P' ■ Define the integer 
d((f>) to be the number of weak global equivalence classes modulo global 
equivalence. 

Let II be a representation of G(A) occuring in the restriction of 
11(1(9)) to G(A). Let = 1(9) be the Langlands parameter associated 
to an admissible character 9 as defined above. Let <fi denote the pro- 
jection of 4> to PGL 2 (C). Define d(U) = d(I(9)). It follows from the 
definition of L-indistinguishability, that for g e G(A), 

(5.4) d(U) = d(U 9 ). 

For each place v of F, let <f> v : Wp v — > PGL 2 (C) denote the local 
component of the parameter 0. We have natural maps ► S^) v: 
sending to S^ v . Given an element s G S^, we denote by s v both it's 
image in and in the group of connected components C$ v of S^ v . 
We have, 

Theorem 5 (Multiplicity formula). Fix an additive character if) ofAp. 
Let II be a representation ofG(A) occuring in the restriction of 11(1(9)) 
to G(A). With notation as above, the multiplicity ofU in the space of 
automorphic forms of G(A) is given by the formula: 

where the local pairings are normalized with respect to the additive char- 
acter ip v of F v , the local component of ip at v. 

We now make this formula more explicit. 

Definition 5.6. |LL| pages 42-44] Let 9 be an idele class character 
of Je/E* admissible with respect to D. The character 9 is said to be 
of type (b) if 9/9 a is a (non-trivial) quadratic character. In this case 
C ~ Z/2Z x Z/2Z. 

If 9 is not of type (b), then it is said to be of type (a). Here ~ 
Z/2Z, which we identify with {l,e}. 

Call 9 to be of type (a') if it is of type (a), and there exists a place v 
of F where D does not split, such that 9 w /9^ is a quadratic character 
of Efg. Here w is the unique place of E lying over the place v of F. 

The character 9 is said to be of type (a") if it is of type (a) and not 
of type (a'). 

Combining Theorem El together with the local properties of the pair- 
ing given by Proposition 01 and Equation 15.21 we obtain the following 
corollary (Propositions 7.3 and 7.4 of |LLj ): 
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Corollary 3. Let U = 11(8) be a dihedral ofG(A), for some admissible 
character 6 of a quadratic extension E of F with respect to D. 

(1) If 9 is of type (a'), then 

m(U) = ^H<l,U v >. 

V 

(2) Ifd is of type (a"), then 

d(n) 



m(n) 



f IX <i,n„>+JJ<e,n,>j . 

\ v v J 



(3) If 6 is of type {b), then 

m(U) = ^H<l,U v >. 

V 

6. Proof of Theorem [2] 
In order to prove the theorem, we have to show that 

^(rvVGoo) ~ L 2 (r^\Goo), 

as Goo-modules. Fix an unitary representation 7r of G^. We need to 
show the equality of multiplicities: 

(6.1) m(vr, T K ) = m(vr, T K x). 

Let A denote the equivalence classes of automorphic representations 
of G(A). Since G is simply connected and semisimple, and G^ is 
non-compact, by strong approximation we obtain, 

L^VkXG^) ~ © n ^m(n)dim(nf )n oc . 

Here 11^ denotes the space of i^-invariants in the representation space 
for Uf, and m(U) is the multiplicity with which II occurs in the space 
of automorphic forms of G(A). Consequently, 

m (vr,r x )= m(n)dim(nf). 
{ne.4 | n 00 =7r} 

In order to establish Equation 16.11 it is enough to show the following: 

(6.2) m(n)dim(nf ) = ^ m(U)dim(Uf). 
{neA | noo=7r} {n^A | n 00 =7r} 

Fix a representation tt^ of G^. Given a II with archimedean com- 
ponent Iloo = 7T, we will produce another representation IT in the same 
L-packet satisfying, 

• The archimedean component LT^ = tt. 
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• The map II i— > II' is injective, and 

(6.3) m(n)dim(nf ) = m(n')dim(n^). 

By Equation 16.21 it follows that m{j[,Y K ) < m{jt,T K x). Reversing 
the argument we obtain Equation 16.21 

If II is not dihedral, let IT = IP. By Theorem HI m(U) = m(IP). 
Clearly dim(Ilj : ) = dim(Ilj X ) and Equation 16.31 follows. 

Now suppose II is a dihedral associated to an idele class character 9 
of a quadratic extension E over F of type (a') or type (b). Let IT' = IP. 
By parts (1) and (3) of Corollary El and Equation 15.41 

m(n) = m(IP), 

and Equation 16.31 follows. 

Hence we have to only consider dihedral representations II of the 
form it (9) (with archimedean component n), where 9 is an idele class 
character of a quadratic extension E/F of type (a"). Let w be the 
unique place of E lying over the distinguished place v of F. By 15.31 
at the place Vq, there are two elements in the L-packet 

L(I(9 W0 )) = {n(I(9 W0 )) + ,n(I(9 Wo ))-}, 

which pairs perfectly with the group of connected components Ci($ w ) ~ 
Z/2Z = {1, e}, as given by Equation 15.31 

Let T be the finite subset of finite places v of F, such that 

where x v is the component at v of the adele x G G(Af). 
Define the local components of IT at any place v of F as, 

{LP, if v ^ v , 
tt(I(9 Wo )) + if v = v and \T\ is even, 
tt(I(9 Wo ))~ if v — Vq and \T\ is odd. 

Since the representations 7r(9)f Q are conjugate under D* o , both LT and 
IT are in the same L-packet, and by Equation 15. 4[ 

d{U) = d(n'). 

It follows from part (2) of Corollary El that 

m(n) = m(n'). 

By Hypothesis H3, K VQ is a normal subgroup of -D* Q . Hence, 

dim(nf ) = dim{W f KX ). 
From these equations, we conclude that Equation 16.31 is satisfied. 
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This concludes the proof of Theorem El 
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